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Galilean invariance is applied to extract the invariant parts of matrix elements of particle creation and
annihilation operators. A method for solving the N-particle problem in terms of N to N+1 particle ampli-

tudes is presented.

1. INTRODUCTION

HE usual treatment of the N-particle problem
deals with the full N-particle wave function
W(x1," - +,Xy). A recent alternative is the approach via
Green’s functions,! which emphasizes the N to N+1
particle amplitudes. However, in order to treat the
N to N+1 particle amplitudes, the Green’s-function
methods also require N to N+2, N to N—1, Nto N—2,
etc., particle amplitudes. This paper presents a formula-
tion of the N+1 particle problem as far as possible in
terms of N to N+1 particle amplitudes alone. As will
be seen, the other amplitudes which will be required
will all involve fewer than N1 particles.
In order to simplify the treatment, the system is
assumed to consist of identical spinless particles; the
Hamiltonian is (in units such that z=2m=1)

E= / vt (x) - V(x)dx
1
+) [ V(x—y W GOV (DWW R)dxdy, (1)

where Y(x), ¢'(x) are the second-quantized field opera-
tors that satisfy the (anti)commutation relations

WE¥3)1e=0, ¥EP'(¥)I=0x—y). (2

Here, as in the following, the upper (lower) sign is for
fermions (bosons).

The N to N+1 particle amplitudes of interest are
the amplitudes (NoK|¢(x)| N+16K’), where | NaK)
is the state consisting of N particles in internal state
a with total (center-of-mass) momentum K. The
differential equations satisfied by these amplitudes, or,
more exactly, by their invariant parts, defined in Sec. 2,
are derived in Sec. 3. The main problem is ensuring the
(anti)symmetry of the system with respect to inter-
change of particles. Since the amplitudes may contain
as few as one coordinate, this cannot be achieved by
the usual (anti)symmetrization procedure in the particle
coordinates. Sections 4 and 5 discuss the resolution of
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this problem for continuum states and for bound states,
respectively, and thus complete the formulation of the
(N+1)-particle problem in terms of the invariant N to
N+1 particle amplitudes. The final section considers
the determination of the 7 matrix from the invariant
amplitudes.

2. INVARIANT FUNCTIONS

Before deriving the differential equations satisfied by
the amplitudes, it is useful to extract the invariant parts
of the amplitudes by removing the trivial part of the
dependence on K, K’, and x. First, it follows from
translation invariance that

Y(x)=ePx(0)e® %, 3
where P is the total momentum operator. Therefore,

(NeK[¢(x)| N +18K)
=ei® K x(NaK|¢(0)| N+1 8K'). (4)

Then Galilean invariance requires that
(NaK|[¢(0)|N+1 BK’)
depend on K and K’ only in the combination correspond-

ing to the relative velocity, namely, K'/(N+1)—K/N.
Specifically, the choice of variable that will be used is

N
(VoK $(0) N+1/3K’>=<2w>—m¢aﬁ( K'—K), )
N+1
so that
(NaK|¢(x)| N+16K")
L”v
=(zw>—3f2ei<x'vx>-x¢aa( K"K)‘ ©)
N+1

The functions {.s are clearly invariant under transla-
tions in both configuration space and velocity space, and
will be called the invariant N to N+1 particle ampli-
tudes. Application of standard group-theoretic tech-
niques shows that, if « and 8 belong to rotation-group
representations J, and Jg and correspond to the ele-
ments M, and M of these representations, respectively,
then yqs(k) can have components corresponding to
the Mg— M, elements of the representations |J.—Jg],
[Ja—Jsl+1, -+, JatJs.
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Note that (6) gives

¥(x)| N+16K')

=Sa / dK | NeK)(NaK |¢(x)| N+1B8K")
= (2n)3/28, / dK | NoK)
N
X\zaﬁ(—'—K,— K)ei(K’—-K) ~x, (7)
N+1

where the normalization of the states is chosen so that
the completeness relation for physical states v is

s, / IK | NyK)(N1K]| =Ly, ®)

with S, a generalized sum (integral) over internal states
v and 1y the unit operator in the V-particle subspace.
The usual N+1 particle wave function for the state

|N+18K') is

Yo V(X - Xyvqr) = [(NV+1) ]2
X (0| Y(xn41)- - -¥(x1)| N+1 BK"),

so that (7) gives

(9)

\I/BK,N+1(X1. . 'XN+1)
= (N+1)"1/2(21r)“3’25,,/dK £i(K'—K) .11

N
let!ﬁ("]mKl_K)\I’aKN(xﬂ' <Xn41). (10)

Equation (10) exhibits the explicit dependence on x; of
the functions ¢,s(x;) in the common expansion?

YN (X1 X)) =Sy TN (X2 X)) @pa(xa). (11)
As is evident from (10), it is not the dependence of
@y5(x1) on x; that is interesting, but rather the de-
pendence of its invariant part ¥ on the velocity differ-
ence v;—V, and on the internal states in v and é.

The invariant amplitudes have a definite normal-
ization:

(N+1aK| / Y W(x)dx| N+1 80)

=(N+1)8(K)sa sV*V, (12)

where
(N+1 K| N+180)=8(K)d, s+, (13)

% For example, N. F. Mott and H. S. W. Massey, The Theory of
Atomic Collisions (Clarendon Press, Oxford, 1949), Chap. VIII.
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and Eq. (8) define §,6V+1. It follows that
(N41)85+05(K)

= /dx S.,[dK' (N+1aK|¢i(x)| NvK")
) X (NyK’|(x)| N+1 50)

_5(K)S, f 0K G (K)s(K),
so that

s f 09 ¥ (D)D)= (N4 D3s ™0, (15)

(14)

Equation (15) can also be obtained from Eq. (10).

3. DIFFERENTIAL EQUATIONS

The equations for the invariant functions are ob-
tained by taking the matrix elements of

[E,\II(X):|= Vz'p(x)—X(x); (16)

which follows from (1) and (2) with
x0= [ Ve—ynoay, (17)
n(x)=y¢ (Xp(x). (18)

It would also be possible to apply the usual Hamil-
tonian? to (7) and (8) and derive the same equations,
but invariance arguments are much simpler to apply in
the second-quantized formalism. In the matrix elements
of (16), the left-hand side is evaluated by using

E|NaK)= (8.4+N-1K?)| NaK), (19)

where &, is the internal energy of the state a. For
example, &, is —B, for the bound state a, where
B,>0 is the binding energy of the state, and &, is
[(N+1)/N]p?*— B, for the state consisting asymptoti-
cally of N-particle bound state & plus a single particle
with relative momentum p (relative momentum is de-
fined as the product of reduced mass and relative
velocity).

By arguments like those leading to (6), it follows that

(NaK!x(x)| N+1 6K')

= (2mr)—3/2¢i(K'~K) -x gaﬁ(

N
K'— K), (20)
N+1

where X, is the invariant part of the matrix element.
The invariant function ¥ is related to § through

Xap(k)= (2m)*/*( Na—k| X(0)| N+1 80)

— @ryins, / dydK V(—y)(Na—Kk|n(y)| N4K)
X(NyK[¢(0)| N+180). (21)
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Now it again follows from Galilean invariance that
(Na—k|n(y) | NyK)= (2r)~#2ei®tK) v 77, (K+ k), (22)
so that

%os(I) = (22)07S, / dKdy e 7V (y)Tiay(K)¥2s(k—K)

=5, [ K TRy (KoslkK), (23)
where the Fourier-transform convention
fx)= (2 / e dk (24)

will be used for V, 1144, Yas, etc.
Hence, the matrix element of (16) between the states
| Na— (N+1)k) and |N+18—(N+1)k) gives

N+1)k?
[( . ) —+ Ea— (N+1)k2— 5&]%5(1()
—_s, /dK PK)ia (K)ra(k—K), (25)
or
N+1
(_ 6 ga>¢aa<k)
N

15, [ K PRy, (R)sk—K)=0. (26)

These equations are the invariant parts of the usual?
equations for the functions ¢,s(x) of Eq. (11). The
Fourier transform of (26) is

N+1
(— . Vit Ea— 53)!//4;(}()
I T

+5, / 4y V(XY an(Y W0 =0 (27)

Here, n44(y) is the invariant part of the density matrix
element and represents the density at displacement y
from the center of mass of the N-particle system. Note
that #q, involves only the N-particle states, and not
those of N+1 particles. The combination

'va'/(x)= /dy V(x—y)na,(y) (28)

plays the role of the potential in (27). It clearly repre-
sents the invariant potential, that is, the potential at
displacement x from the N-particle center of mass.
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With (28), Eq. (27) takes the form

N+1
(— Vit e 5p)¢.,a<x>+svvw(x)w<x>=o. (29)

Equations (26) and (29) are clearly invariant under
translations in configuration and velocity space, while
transforming in the standard way under rotations.

In order to solve Egs. (29) for the invariant ampli-
tudes yqp(x), it is necessary to know the two-body
interaction V(x), the invariant N-particle density
matrix elements #7,,(x), the energies &, of the N-particle
states, and those of the energies 8 which are continuum
energies. These latter are composed of binding energies
of groups of fewer than N+1 particles and relative
kinetic energies, and hence do not involve unknown
quantities associated with the (N-1)-particle system.
Clearly, the binding energies of all numbers of particles
less than N+1 are needed. The energies &g that are
binding energies of (NV-+1)-particle bound states are to
be determined as eigenvalues of (29).

4. (ANTI)SYMMETRY IN CONTINUUM STATES

The amplitudes Yq.s(x) corresponding to a physical
state 8 must be a solution of (29). In addition, they
must satisfy conditions which ensure that the solution
has proper characteristics with respect to interchange
of particle coordinates, that is, the left-hand side of
Eq. (10) must be (anti)symmetric under interchange
of particle coordinates. The amplitudes y¥.s themselves
do not contain all the individual particle coordinates,
so that the usual (anti)symmetrization procedure cannot
be applied directly to them.

For continuum states it is clear that the asymptotic
|x| — « form of the solution of (29) determines the
solution uniquely. Therefore, if a solution of (29) is
asymptotically equal to the amplitude for a physical
state 8, then it will satisfy all the requirements of
(anti)symmetry. For continuum states it is thus only
necessary to specify exactly the plane-wave part of
Vas(x), or, equivalently, the delta-function part of
Yas(k). The plane-wave part can be found by using
Eq. (10) as a starting point, but, again, invariance is
easier to apply in the second-quantized formalism.

As an example, let {[N+16K’) be |[N+1—n,a, k./;
1, b, ky'i), where a and b are bound states of N+1—n
and # particles, respectively, and N4-1—=n, a is not the
same as #, b [if the two are the same, the normalization
of the state has an extra 272, owing to (8)]. Then
K’'=k,+k;’ and the relative momentum in state 8 is
W(N+1—n)(N+1)"[nk,/’— (N+1—n)"ky]. It is
convenient to choose ky’=—k,’=k, K'=0, so that 8 is
(N+1—n,a; n,b; ki»). The delta-function contribu-
tions to

(Na—p[¥(0)| N+1 B0)= (2m)~*/%fqap(p)  (30)
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come when | Na—p) is either

N4+1—n ' n—1
——Pp; =1L,y q— p"‘>
N N

‘N—H—n, a, —q—

or

) N—n no
Af_”) 6m: —q— N P % b: q_Epm>:

where yi» and 8'n are arbitrary “in’’ states of #—1 and
N—n particles, respectively, and the momenta have
been chosen so that the relative momentum in the state
a is q in both cases. In the first case, a is (N+1—=n, a;
n—1, v, g¢n) and the delta-function part of (30) is

N+1— n—1
5(1(—‘1‘-T—np)<n— 1y Q*—N—pl'/'(o) |"bk>

-

r

3 N
)6(p+ (q—k)>
N+1—n N+1—n

n—1

k~q+——p), (31)
N

n—1

X&v‘“b(
n

so that
]V

— ()3 —
bes) = 20—

B (n—1)(N+1) N
Xﬂbv‘“b( k— "i)
n(N+1—n) N+1—n

3
> ei[N/(N+1—n)] (k—q)-x

+outgoing spherical waves. (32)

Similarly, in the second case, a is (N —=n, é®; #, b; q')
and

N 3
¢aﬁ(x) - (:F)"(21r)“3/2(—> et (Nin)(q—k) -x

n

N (N—n)(N+1)
#g --q————k
XV (nq n(N+1—n) >

+outgoing spherical waves. (33)
For all a other than these two, ¥.s(x) has only outgoing
spherical waves at |x| — «. For n=1, N1, (32)
becomes, with 8= (N, a; 1; ki) and a=(V,a)

(34)

Equations (32)-(34) give the invariant part of the
usual? asymptotic boundary conditions on the ¢.,s(x)
of Eq. (11).

The plane-wave part of other continuum states can
be found in a similar way. Thus, the continuum in-
variant functions Yas(x) are completely specified by the
differential equations (29) together with asymptotic
boundary conditions of the form of (32)-(34). Note that
the form factors  on the right-hand side of (32) and (33)

Vas(x) — (27)~%2%% x4 outgoing spherical waves.
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involve only systems containing fewer than N1
particles. These form factors are required in order to
determine the y.4(x) for continuum states 3.

5. (ANTI)SYMMETRY IN BOUND STATES

In order to distinguish the physical bound-state solu-
tions of (29) from the unphysical ones, it is clear that
(anti)symmetry and completeness must be imposed via
the commutation relations (2) and the completeness
relation (8) for the physical states:

<Na5<[¢(y/2) \[’T(_Y/z)]d:>NI3_E>
2 ’ 2

= 5(3)8 (K)o

=5, 4K (Ve K/2145/2) | N1 )
X (N+1 vK'[¢1(~3/2)| N8 —K/2)
4S5 / K’ (Na K/2|¢1(—y/2) | N—1 6—K')
X(N—15—K'|¢(y/2)| N8 —K/2)
— (2m) / dK’ o3

N K N K
X {Sv‘;u'r(_—_‘K’_—)‘pﬂv*< KI+_)
N+1 2 N+1 2

N—-1K N—-1K
= (K D -3 09

and, therefore,

/N K N K
5<K>6as””=Swav(*K'__)%*<_“‘K'+‘)
N+1 2 N+1 2

) N—1Ky\ N—1
:l:S;th.;*(K’-i——— —)m(l(u
N 2 N

5 o

where the states y are the physical (N+1)-particle
states and the states & are physical (NV—1)-particle
states. The continuum states y can be found as de-
scribed in the preceding section, and are assumed
known, as are the (V—1)-particle states 8. Therefore,
the correct set B of bound-state amplitudes must satisfy

/N K\ /N _ K

D m(»,—KL—)m*( K'+—>

vEB N+1 2 N+1 2
=5(K)das™

i N—1Ky _ N—1K
:FSo'l//isa*(K"i-—— —~>¢55(K’— —>
Vo2 N 2

s

N K ~ N K
- K’——)wy*( K'+~), (37)
N+1 2 N+1 2

—S'YGCJ;::T<
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where (37) must hold for all &, 8, and K’. By choosing a
single =g and a set of points K/, i=1, 2, - - -, n, with
» the total number of bound solutions of (29) (#» may
be denumerably infinite), Eq. (37) can be used to deter-
mine which of the bound solutions belong to the set B
of physical solutions. Clearly, this condition is not very
practical. The techniques of this paper are more useful
for continuum states than for bound states.

With reference to (11), the physical functions ¢,s
give ¥; which are (anti)symmetric. Thus, the un-
physical solutions ¢, are such that the (anti)sym-
metrized analog of (11) is zero, that is, if O is the
(anti)symmetrization operator, and ¢,s, corresponds to
an unphysical solution of (29), then

OS-Y\I,"(XQ' . 'XN+1)¢)7J“(X1)=0. (38)

In the case of fermions, if ¥., in (38) were a product of
single-particle functions, then (38) would be satisfied if
¢4s, were any of the single-particle functions, so that
(38) is the equation which describes the “occupied”
single-particle states in fermion systems. For bosons, at
least two values of ¥ must occur in a sum of type (38)
in order to produce a zero on the right-hand side. The
interpretation of the unphysical bound-state solutions
is not clear in this case.

6. SCATTERING AMPLITUDE

From the preceding sections it follows that the con-
tinuum amplitudes are determined by the differential
equations (29) and associated boundary conditions like
(32)-(34), while the bound-state amplitudes are simi-
larly determined by the differential equations (29) and
the supplementary condition (37). All that remains is
to specify the 7 matrix in terms of the invariant ampli-
tudes. Only processes in which the initial or final state
contains an incident or emerging single particle are
easily treated in this framework.

The example considered here is the 7 matrix element
for final state |Ny°ut—p; 1, pout)=|N+1 f0) with
f=(y°ut; 1; povt) representing a single particle emerg-
ing from the group making up the asymptotic y°"t state.
The initial state is taken to be an arbitrary (N+41)-
particle “in” state |N—41¢®P). Then it follows from
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the LSZ formalism? that
(N+1 fout0| N4-1i=P)=(N+1 fin0| N+1 :"P)

—2mid(P)8(8i— 8)(N+1 fIT|N+14), (39)
with T given by
<N7°ut; 1; p| T|N+1 i>=>2~,°“'¢“=(ll)~ (40)

The operator x is essentially the source operator for
the field, so that (40) is a standard form.

If v is a bound state, so that y°ut=+n=+, then
X4iin(x) can be determined from Sec. 4. However, if
youts£~in then Sec. 4 gives X in;in(x) instead of X,eut;1a(x),
and determination of the latter requires a further
transformation:
x-,youz"m(p)

= (2m)*( Ny —p|x(0) | N+14*0)

= (2m)¥2Se / dK (Nvy*:—p| Ne"K)
X(Ne"K|x(0)| N+140)
= (2m)¥*(Nyi"—p|x(0)| N+1 i"0)
— 2i(2m) 25 8( Eo— &,)(Ny|T| Na)
X(Na—plx(0)| N+1i"0)
=X, iv;in(p) — 210 S a0( Ea— &)
X(NY|T| Na)Xoini(p).

(41)

Thus, determination of g.ouyin requires the Xqin,i» and
the N-particle 7" matrix. In this formulation, therefore,
the N-+1 particle T matrix involves the N-particle
T matrix in an explicit way.

ACKNOWLEDGMENTS

The author is indebted to the late Professor Niels
Bohr, Professor Aage Bohr and the members of the
Institute for Theoretical Physics for the hospitality
of the Institute. Grants from the University of Minne-
sota and the Institute for Theoretical Physics are
gratefully acknowledged.

3H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo

Cimento 1, 205 (1955); P. J. Redmond and J. L. Uretsky, Ann.
Phys. (N. Y.) 9, 106 (1960).



